What are the asymptotic moments of coefficients obtained when expanding Starting with Euler's result:
Starting with Euler's result:
and Jacobi's cubic analog:
it is natural to wonder about the corresponding square and ℓ th powers for ℓ ≥ 4. We will consider the coefficients {a n } ∞ n=0 of the q-series expansion (on the right-hand side) for fixed ℓ. Estimates of the magnitude of a finite subsequence {a n } n≤N of coefficients include n≤N |a n |, (1 − q m ).
Euler's pentagonal-number theorem gives that a n = (−1) k if 24n + 1 = (6k + 1) 2 for some − ∞ < k < ∞, 0 otherwise for p prime and r ≥ 0. Of course, n≤N a n oscillates between −1, 0, 1 and never converges.
Second Power
Let the coefficients {a n } ∞ n=0 satisfy [6, 7, 8] 
No simple formula for a n is known, but a n = f (12n + 1), where f is multiplicative and 
and deduce, via the Selberg-Delange method [9, 10, 11] , that
as N → ∞, where [12] C = 12 √ 3π p≡5,7,11
and hence 
but a more precise asymptotic statement is evidently open [11] . Finally,
and a stronger conjectured bound n≤N a n = O(N d ) with d < 1 is equivalent to a weak form of the generalized Riemann hypothesis [13] .
2.1. Variation One. Let the coefficients {b n } ∞ n=0 satisfy [14, 15] 
It can be shown that b n = g(8n + 1), where g is multiplicative and 
It can be shown that c n = h(6n + 1), where h is multiplicative and
and r is even, r + 1 if p ≡ 1 mod 6 and 2
if p ≡ 1 mod 6, 2 (p−1)/3 ≡ 1 mod p and r ≡ 1 mod 3, 0 otherwise.
Observe that |h(p)| assumes two distinct values over the set p ≡ 1 mod 6, which is more complicated than |f (p)| over p ≡ 1 mod 12 and |g(p)| over p ≡ 1 mod 8. Consequently, the asymptotics for n≤N c 2 n are more subtle than those for n≤N a 2 n and n≤N b 2 n .
Third Power Let the coefficients {a
Jacobi's triple-product identity gives that
and hence, by elementary considerations,
as N → ∞. Also a n = f (8n + 1), where f is multiplicative and
if p ≡ 1 mod 4 and r is even,
if p ≡ 3 mod 4 and r is even, 0 otherwise.
Of course, n≤N a n = (−1)
and thus n≤N a n diverges because
2N n≤N a n = −1.
Fourth Power Let the coefficients {a
No simple formula for a n is known, but a n = f (6n + 1), where f is multiplicative and
if p ≡ 5 mod 6 and r is even,
where i is the imaginary unit and (x p , y p ) is the unique pair of positive integers for which p = x 2 p + 3y 2 p . Also, δ p,r = −1 when r is odd and x p ≡ 1 mod 3; otherwise δ p,r = 1.
It turns out that ∞ n=1 f (n)n −s is the L-series for the elliptic curve 36A1:
and hence a theorem of Rankin [20] implies that
We examine
and thus it seems that
and possesses the expansion
Observe, however, that in the vicinity of s = 1, the series 
It can be shown that b n = g(4n + 1), where g is multiplicative and
if p ≡ 3 mod 4 and r is even,
where (u p , v p ) is the unique pair of positive integers for which p = u 2 p + v 2 p , u p is odd and v p is even. Also, ε p,r = (−1) (up+vp−1)/2 when r is odd and ε p,r = 1 when r is even. It turns out that
−s is the L-series for the elliptic curve 32A2:
and hence Rankin's theorem implies that
where seemingly
The unique cusp form of weight 3, level 16 and Nebentypus character (−4/·) is [21] η(4t)
and possesses the expansion 
It can be shown that c n = h(3n + 1), where h is multiplicative and
if p ≡ 2 mod 3 and r is even,
where (z p , w p ) is the unique pair of positive integers for which 4p = z 2 p + 27w 2 p . Also, δ p,r = −1 when r is odd and x p ≡ 1 mod 3; otherwiseδ p,r = 1.
It turns out that ∞ n=1 h(n)n −s is the L-series for the elliptic curve 27A3:
The vector space of cusp forms of weight 3, level 27 and Nebentypus character (−3/·) is three-dimensional. A certain basis element is given by [21, 26] 
Again, analyticity requirements might not hold and we empirically compute
which raises doubt about our value 1.052... for E.
Sixth Power Let the coefficients {a
No simple formula for a n is known, but a n = f (4n + 1), where f is multiplicative and
and r is even, 
Eighth Power
Let the coefficients {a n } ∞ n=0 satisfy [6, 28] 
No simple formula for a n is known, but a n = f (3n + 1), where f is multiplicative and
if p ≡ 2 mod 3 and r is even, and again the Selberg-Delange method perhaps can be used to compute C.
Tenth Power
For divisors ℓ of 24 (as in the preceding sections), the multiplicative function f satisfying
obeys the standard recurrence
This is also true when ℓ = 10 except we have a n = f (12n + 5)/48. For the case p ≡ 5 mod 12, the required initial condition is [29, 30, 31, 32, 33] For the case p ≡ 1 mod 12, the required initial condition is [29, 34] :
where θ(u) = 1 when u ≡ 3 mod 6; otherwise θ(u) = −1. We summarize the remaining cases:
if p ≡ 7, 11 mod 12 and r is even, 0 if (p ≡ 7, 11 mod 12 and r is odd) or (p = 2, 3) .
Fourteenth Power
The standard recurrence is only partly true when ℓ = 14:
where the − symbol is chosen when p ≡ 7 mod 12 and the + symbol is chosen otherwise. We have a n = f (12n + 7)/(360 √ −3); it is interesting that complex algebraic integers enter the formulation here.
For the case p ≡ 7 mod 12, the required initial condition is [30, 35, 36] f (p) = 12(−1)
where (x p , y p ) is as earlier and ψ(x, y) = −1 if (x ≡ 2 mod 6 and y ≡ 1 mod 4) or (x ≡ 2 mod 6 and y ≡ 1 mod 4) , 1 otherwise.
For the case p ≡ 1 mod 12, the required initial condition is [35, 37] : • Pascal Sebah for computing high-precision numerical estimates of infinite products,
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• Matthias Schuett for pointing out the three "complementary" cusp forms in section 4,
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• Kevin Buzzard for discussing the absolute convergence issue in section 4.
If anyone makes progress on the unsolved problems mentioned in this paper, I would be most grateful for a notification. [3] L. Euler, The expansion of the infinite product (1−x)(1 −x 2 )(1 −x 3 )(1 −x 4 )(1 − x 5 )(1 − x 6 ) · · · into a single series, http://arxiv.org/abs/math.HO/0411454.
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